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Polynomial-Size PCPs for NP

We have proved that NP < PCP [£¢=O, &=V, 2 ={o1} L=expln) q=O(l)/ l'=poly(n)].
Today we reduce prook length ot the expense of query complexity: later in the course

/ we. redvee Hhis to q=0(1)

tHheorem: NP < pcp [&:O, &= 2=1{o1}, [‘:Poly(r\),q: Poly(logn)/l’-:()(log“)]

That is, ¥ LeNP T PCP system (P,Vi) for L thot looks liKe this:

foly(loa'\)
e oo e Lo, xefod
{ }Poly(n) : FL —1 :“{{ °"; "
W €10, —> € 10,
poly(n) time poly () time

Proor  STRATEGY:
@© define notion of 6. Low-Desree FCP (LDPCP)

@ construet o \ow-deﬁree PCP for NP with polylogarithmic query complexity
@ Transform the lW’ng\'eQ PCP into a (standacd) PCP:

low-deﬂm PCP —| Transformation — polynomial-size  PCP

|ow—dzgreQ fest local correction
for low-degree Lonchons



Polynomial-Size PCP for Quadratic Equations

Recall the wtollowing NP - complete problem about c‘vadra\‘\'c eqvah’ons over G ?ield [F

&ESAT(W)T‘{(Pl,.../Pm) ‘ 30\,.../Qn€lF <t VJG.[W\] F&(al,---,an)=0}.

We construct v PCP for GESAT(F) with these paramerers:

g

Hheorem: QESAT(F) < PCP

completeness error
soundness  error
alphabet

proof length
query Complexity

2(30

_ |og"h e
€5 =00)4 0(103\03“ L)
= o(ln)
ﬂ:“ﬂ \oaloav\
9= P°|>'(|°8“)

| rondomness complexity = O( l‘° o;‘” : loallFI)

—

W IFl - poly(logn)

—> £.=0(1)

— [ =polylw)

—> = O(|03n)

The field must be large enough for Seundness and small enovgh for polynomial proof length.

We con Switeh the alphabet from F to Lo} | incurring o\ (\03 m‘-\)—J;o\d'or query increase.



Proof Overview

e 2 =1 = poly(logn)
theorem: QESAT (F) < PCP € O logn {7 POIVRHIC
| E5=00)+ O(loa\osn IIFI) [ < F[oglan’ O(%%@'loalﬂ:l) i

Port |- small ameunt of randomness +o reduce m eqva’rions to 1 ec?ua’rion

P, ,pm —] Feduction —> P o Yiclml pifa)=0 - Pl P(Q)___O] =
1
O(\oa m) random bits o dielm] pi(@#0 — Pr L P(a)=0]s 3

The, PCP string will include. o substring for each choice of randomness.
So.we care abovt randomness complexity.

Part 2: PCP for evaluation of | eguation

0. € “:n LDE (o) S~ quqdm'l'ic poly)

?
IT e V(]DG F[X,.., ] P(a):o

Conclude:  fark | + Part 2 + low - degree testing



Part 1. From m Equations to 1 Equation [1/2]

lemma: There is o probabilistic algocithm T s.t. for |fFl=poly (logm)

O T(p,,pm) uses OClogm) tandom bits and ovtputs a quadratic equation p(Xi,..,Xn)
@ Y aef” f pla)=-=pn(@)=0 then P [Tlp,. pn;¢)a)=0]=1

@ ¥ aef” if 3)elml p@#0 then Pr[Tlp,.,pa;e)(@)=01< e

Jdea#l: T samples  je[m] and outputs P,
This uses litHe randompess (|08m bits) but the soundness ertor is lewrge (l-"_v\).

Tdea #2- T samples T, G € owmd outputs p= 2 jetwd T3P

This has Shall  Soundness error (I!ﬁ) but vses 100 much randomness (m elts ).

If we sample T,.., Om €T, the Soundness error is OK (V2) bt not Foandomness (m bits).

Tdea#3' T samples oefF ond ovtputs p=>ipus™ P
This vses \ittle randomness (i Ql’c) bvt now r'zquirqs the field to be large -

t+he Soundnest error IS ILIFI so we need [Fl2 SLim).



Part 1. From m Equations to 1 Equation [2/2]

we will Use this to ensure

lemma: There is a probabilistic algecithm T s.t. for [ffl=poly (logm) <& i
O T(p,,pm) uses OClogm) tandom bits and ovtputs a quadratic equation p(Xi,..,Xn)
@ Y aef” f pla)=-=pn(@)=0 then P [Tlp,. pn;¢)a)=0]=1

@ ¥ aef” if 3)elml p@#0 then Pr[Tlp,.,pa;e)(@)=01< e

proof: Tdentity [m] with I—lf‘ for HesF and See N with |Hel®=m.

Sek [Hel=0(logm) and se= 'lﬁgu'j_l

\l\/e Can \'Q‘Qbe\ (PJ),\QEM] as PJ‘ A)SQJ /\\SgeHQ
The transformation T samples  @3,..,0g, € fF and ovtputs

e,
Q'J\ GEQQ. PJI i

P.—o<J‘ AS{<||.| | rodSe

Soundness: Fix aelF" and define q, (X, Xs.):= 2 X\j‘m)( ‘P (a) which is non-zero.

“ ot e " (Lot~ )

oa™m
Se- (IH |- |) ‘O‘ZM . ) Iﬁ:l:lglx loglog m
Then B_[p@=07= B, [qal)=0] ¢ TS <o(\03l‘{8m = dan/ _, O
RAnDOM BiTs: ¢, - |08|“:| = ( '°3A" |03|ﬂ:l) [F1= (IO%M) v O(logm) u
0308"\



Part 2: Low-Degree PCP for 1 Equation [1/2]

1)

Consider Hhig Sd‘l‘ing: oelf S~ ,{ uadratic poly )
1L \/( pPe ﬂ:[)(|, ,Xn]

P("‘)?:O

Challenge: the polynomial p(xi,.. %) may depend on every variable

Jdea: reduce to 0 Ssumcheck problem A Use the (unrolled) sumcheck pro’roco)

Step |: arithmefize

+ identify [n] with va for a subset H,<F with [H(=O(logn) and s,:= :_OQ\HLl‘
09 v

« evalvation os o0 Sum:

P(a) z C Q a = Z C P) 6&(0()&(?) <« 'For Simplic’r\'y we

I cln] S. . )
) o FQH v Ignore. Hhe fingar ferms
ond the constant term

where Q> F s the low-degree extension of o: (]

N

CiF>F s the low-degree ~ extension of <: [n*->F
The addend Cf()/,?:) = 8(7’,%)&9’)8\(2) ")O\S iﬂd‘VidVGI dejreQ s (“’Iv‘-l) RS l'HvI

Tnsm:  pla)so & 2 qlap)=0 for §(72):= E(v2)Aly)- A=)
o, peH,”




Part 2: Low-Degree PCP for 1 Equation [2/2]

Step 2 Probabilis’rimlb, check. the arithmetized stotement Zo(,(ae HSv q(o(,P)—-O

P(p,a) e V(p)
O(IHy
1. Ovtput e that is Tse, efF ) K'l‘\
O(IH, §
eval table OQ 1P prover ]TSC'/ZZFF—)“: i é_—? VSC(IF Hv 2Sv, 0,2 (le"l))
O(H,) & ‘Z" a8 dmad vars sod  dugree
for the sumcheck claim TI§¢3:IF2-*H: H 9, S1s,- ; o ,
= : el
Zo(.per" wa’F)'o -“;_c 5 5 H:O(IH.I) (8-, %25,) => 01(31,..., gm)

\. Evalvate 8();%) at (9., 9s,).

2. Output a'.“:s"aﬁ:. ~ |
(ThQ LDE 0(_ a[“‘]_;ﬁ) O e :2 QVQ.\’)I 6\ 0\+ (g\,m,gs\,) Q'\d (ngﬂ,...,gzgv).

prook length: o | Tse| = O(IF I IH, ) quary complexity: .+ 2Sv queries o Te (each retrieving OCIHyI) elts)
° \a\ = \ﬂ:lsv e 2 qverit% to O (cach \'e\'riev'\n% 1 elt)

CO'“?\QJVQ“QSSZ [ ?(0\)=0 then TV=(LDE(q)/ Tl‘sc) olways convinces the verifier

Soundness: ¥ aeF" st pla)#0 (so that Zo(,(seH‘V q(o(,P)afO) ¥ sumcheck PCP string Tse

(LoE(a), Tise) (2s,)- (2 (IH, |- I)) ( log'n l )
) = < :
P\‘[V ( ‘] < | FF| <O loglegn L3




Low-Degree PCP for Quadratic Equations [1/2]

(l\)e. combine Part 1 and Fq\—‘\‘Z:

P(( p\,...,pm),a) V( (F'/"va))
|. For every o6 € foe. l. Sample ¢ e i
* Pe:= T(P‘r"/l’n ,'6") [ \ 2. Compvte Pg:= T(P\,...,Wr )
3. Run sumcheek to check that prla)=o:

n

e Tlse[s]:= eval table for { T |

SUM(‘\QC\( C\O[\M //P(r(&)-’-o\\ Z CQ-(‘X/?) O ,,() Q(F) =0
1 «, Fe v
. O\)"’PU‘\‘ WSQ[W] : )o'e e
2. OU\'p\r\‘ a:“:sv”&—' ,\k; VSQ(FF H, %i"zsuozl (‘Hv\’|))
| O

(The LYE o} a:(m1-F.)

logm . logn
* proof length: |ﬂ:|S°"(||’F|1gv- O(IHvI))+||F|S"= l[ﬂo(ws") = \‘\:\O(ioa\oam loqlosn)

* query complexity : 25y queries to Tli, each retrieving O(IH) elzmn’(s} O(sv-IHl) elements

2 querits to G, each retrieing 4 element =0 loan n, ') O(—‘fiz—"—)

log|Hy| \oglogn
* Fandomness complexity : Se-loglffl + 25v- loglFl = O( ,%ﬂ:—J lel) loglFl ~ (lt:;:‘o';vw Io:l‘:;n) logIF



Low-Degree PCP for Quadratic Equations [2/2]

(l\)e. combine Part 1 and Fq\—‘\‘Z:

P(( p\,...,pm),a) V( (F.,...,p.,\))
|. For every o6 € foe. l. Sample ¢ e i

¢ Pg- = T( P\,..., FM/ 6.) r ) 2 CDW\PV"-Q PT’ = T( P‘/“‘/ FM/ 6-)
3. Run sumcheck to check that Pq-(C\) =0:

sumeheck. cloim “prio)=o’ Z , Co (%P8 &(B) = o
1 °(Fe v

. O\)"’PU‘\‘ WSQ[W] Ny )o'e e

2 Ot & FF s AL
’ O
(The LoE of a:Cm1-F.)

. TEQ[G‘ J:= eval table for { TLf |

'

COMPIQJrQDQSS: i p@=-=g,@)=0 Hhen ¥relF™ Pel®)=0 , S0

, X e & 1B A(B)=0

Sovndness: it (pi,..,pm) € QESAT(F) H\en Vo and ¥ T sc'-{ﬂ;cfo{l}o—,

. Fq- O)= 2 v ( A o) O #O xce. ‘: pd Se“'le, log® m
() 0(9 Hg ( 'F)a( ) (F) ‘e T’ P \":f O( |FF ) O( lo:|°8"\ .|ﬂ:||)
x’ Sv-|Hy )
I So ‘H)Q.Y\ SUMChQCk O\CCQP'|'$ lA)P <O( T ) O( IO:I nn : | l |)




Recall: Low-Degree Testing

For moltivariate polynomials there are two notiens of degree:

* fotal degm: LDLF n,tot<d]
+ individval degree : LD[Fn ,ind¢d]

A low-degree test Visr for LDIF,n,tot/ind<d] works as follows:

® ComrreTeness: | [ E">F ¢ LDIFn, +ot/inded]  then B [Vid=1=1.

@ Sounpness: if F: F'->F is §-far from LDLF n,tot/ind <d] then Pr[V,}tT:lk €. (8).
9y = O(d’)

e = Od™ n-logll)  Tog LANE T savee
A slightly different total low-degree test achieves qur=0(d) and fior = O (n-loglFl).

Quor = O(n-d)
e = O(n - loglFl)

The RS test is a total |ow~d23rec. fest  with {

Today we.  assume  an individual \om—clo.gr« fst with {

This is ok becavse o fotal low-degree test can be ngmented to test individval degree.

(That said , we CouLd use o Total c\egmo. test inCuTring @& Iinor degmdq’rion 0 qumd'crs.)

ReMark: we evaluate polynomials on I because the low-degree fest expects this.
(Relaxing o D" for carfan DT “is' Sometimes possible but it's  not easy.) .




PCP for Quadratic EQuations 1t mred e ran [1/2]

total LOT with d=S-(IHu-),
+he sumcheck ervor would

Add an individual low—deﬁm test incraase from O(2d) fo O(SLT“L_\:V_').
P((p,-.pm).20) V((p,.. o)
|. For every o€ foe. . SamFle TE€ ﬂ:SQ.
* Pyi= T(P‘r"/l’m ;) ( ) 2. Compvte Py = T(P‘/"'/FM ;).
¢ Tl [s]:= eval Yable for {TLJ*J L 3. Run sumcheek to check that prla)=o:
sumcheck. cloim ;/Py(a)=o\\ J . «.pzeﬂf" Co (%B)-&()-&(B) = 0
e oviput Tl Lo : veff
e ¥” Vse (F, Hv, 28,0, 2:(IHy1-1)

SSSSSSS

2. Ovtpt &: >~ as T,
(The LYE of a:tn1-F.)

4. Run (individval) \ow-de_gree_ test on T

Al

Vusr( H:,v§v, le|’|)

¥s © ind degree

If T is 6-far from LOLF.SyindsHi-1] then B[ Vior =1]) < €ur(8).
If T is §-close b & eLD[Fsyinds|HA1] then , except w.‘:.szd‘l both queries to Ta Se¢ Q.

Here there is ho need for selb-correction becovse both queties are rondom.

The soundness error is moxx{zm(S) O((|°9z”‘ +|°92" ) ‘ )+28}.
! loglogm ~ loglogn )

12



PCP for Quadratic Equations [2/2]

Add an individval low—deﬁm test:

P( ( P\,‘-.,P..),Ok) V ( (F\,...,P..\))
|. For every o6 € foe. l. Sample ¢ e i
¢ Pr = T( P\,..., I’M/ 6") ( ) 2 CDW\PV'\-Q PT’ = T( P‘/“‘/ FM/ 6-)
e Tlse[s]:= eval table for {TLJ*J \ 3. Run sumcheek to check that prla)=o:
sumeheck. cloim “prio)=o’ Z , Co (%P8 &(B) = o
+ ovfput Tisc[o] ‘ Q_, "~
A =Sy Vsc(ﬂ: Hv LSy, 0,2 (‘Hv\‘l))
2. Output &:F7"->F os T, - L5 ¢ Vs
(The LvE of a:tn1~F.) . \ Run (individval) \ow—de_grez_ test on T
VLDT(H: qusv l!‘l:! ‘)
*H\eorem: 2 o 5. F logn _1
QESAT(F) < RCP | o ot O(\i—;?é‘:) 1= O(lrglog\n)+qm
_£s=ma\x{£m(8),0(('°:hsm b;qﬂ) IFI)HS} (- ”ﬂ F= (ha_'a°§~ loallFI)

For the LDT we use: Quor = poly (Sy,IHl) = poly (logn) and . Fipr= O(su-leg|Fl) = O(;%ﬁ.;—n log|F1). .



Digest: Low-Degree Polynomials in PCP
We constructed a. PCP for the AP-complefe problem GESAT with £=poly(m) & g= poly(logn).

The PCP s’rl—ing includes a. Reed-Muller encoding of a So&iSFyinﬁ assignment :

N

S
oa:F'>F

O HVSV*fF
= —>

o [nl->F

We used the structure of low-degree (multivariote ) Folynom\‘als to:

o reduce m equations fo 4 equation using & “psevdorandom’ linear combination
o check an equation vio the sumcheck protocol

. loc(xlly test  +He e_ncoding Vid @ low-degree test

14
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